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Abstract
We prove under quite general assumptions the existence of a bounded positive solution of the semilinear Schro¨dinger equation
∆u + f (x, u) = 0 in a two-dimensional exterior domain. Our results are independent of the behavior of f (x, u) when u is
sufficiently small or sufficiently large and just require some knowledge about the nonlinearity f (x, u) for a ≤ u ≤ b, for some
a, b > 0. We obtain solutions with a prescribed positive lower bound.
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1. Introduction
In this work, we consider the semilinear elliptic equation
∆u + f (x, u) = 0, (1.1)
in GB = {x ∈ R2 : |x | > B > 0}. We do not assume that f is locally Ho¨lder continuous in R2 × R.
Nonlinear equations of the type (1.1) are ubiquitous in natural sciences. They arise in a variety of important
phenomena in quantum mechanics (Euclidean scalar field equations), physics (nonlinear optics, laser propagation),
astrophysics (stellar structure), population ecology and population genetics (logistic type equations), etc. The
phenomena of existence/nonexistence and qualitative properties of positive solutions to nonlinear elliptic and parabolic
equations has been an important topic of the theory of modern PDE’s since the pioneering papers by Fujita [1] (60’s),
Serrin [2] (70’s), Gidas and Spruck [3] (80’s). While there were major successes, the results have some limitations,
the main one being severe restrictions on the classes of coefficients and domains under consideration. Up to our
knowledge, all of the existence results require some global knowledge on f (x, u), or have restrictions on the behavior
of the nonlinearity f (x, u) when u > 0 is sufficiently small or u > 0 is sufficiently large (see [4–8]).
Our purpose is to prove the existence of a bounded positive solution to (1.1) under quite general assumptions on
the nonlinearity f . Our results are independent of the behavior of f (x, u) when u is sufficiently small or sufficiently
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large. The theorems presented in this work just require some knowledge about the nonlinearity f (x, u) for a ≤ u ≤ b
for some a, b > 0 and are applicable for a wide family of functions f (x, u) for which results presented in the
previous literature are inapplicable. We obtain solutions with a prescribed positive lower bound. The existence of
positive bounded solutions with prescribed lower bound in n ≥ 3-case has been studied recently by Mustafa and
Rogovchenko in [9]. Our method relies on the comparison method, that is, the technique of super/subsolutions given
by Noussair and Swanson [10].
A solution u(x) of (1.1) in GB = {x ∈ RN : |x | > B} for some B > 0 is a function u ∈ C2(G(B)) ∩ C(GB)
such that u(x) satisfies (1.1) at every point x ∈ GB . A subsolution of (1.1) is a function u ∈ C2(G(B)) ∩ C(GB)
such that u(x) satisfies ∆u + f (x, u) ≥ 0. Similarly, a supersolution of (1.1) satisfies ∆u + f (x, u) ≤ 0. Set
SB = {x ∈ R2 : |x | = B}.
The following result yields from a result of Noussair and Swanson [10, Theorem 3.3].
Lemma 1.1. Assume that f is locally Ho¨lder continuous in GB × R. If for some B ≥ 0 there exist a nonnegative
subsolution w(x) and a positive supersolution v(x) to (1.1) in GB such that w(x) ≤ v(x) for all x ∈ GB ∪ SB , then
(1.1) has a solution u(x) in GB such that w(x) ≤ u(x) ≤ v(x) throughout GB ∪ SB and u(x) = v(x) for x ∈ SB .
By Lemma 1.1, in order to prove the existence of a positive solution to (1.1), it suffices to construct a positive
subsolution w(x) and a supersolution v(x) to (1.1) such that w(x) ≤ v(x) or all x ∈ GB . Solutions to (1.1) that
are radial functions satisfy a second order nonlinear ordinary differential equation. Therefore, we first consider the
problem of the existence of bounded positive solutions to second order differential equations.
2. Existence of radial solutions
Consider the following nonlinear differential equation
y′′ + g(t, y) = 0, t ≥ 0, (2.1)
where g : R × R → [0,∞). Note that for the radial solutions Eq. (1.1) reduces to Eq. (2.1); see Section 3. In the
following two theorems we present sufficient conditions for the Eq. (2.1) to have a bounded positive solution.
Theorem 2.1. Let h : [0,∞)×[0,∞)→ [0,∞) be a Ho¨lder continuous function such that ∫∞0 th(t, c)dt = M <∞
for some c ≥ 0. If
0 ≤ g(t, y) ≤ h(t, y), (2.2)
for every t ∈ R and y ∈ [c, c + M], and h(r, c) ≥ h(r, y) for every y ∈ [c, c + M]. Then there exists a positive
solution yc(t) of (2.1) such that c ≤ yc(t) ≤ c + M for all t ≥ 0, and
lim
t→∞ yc(t) = c +
∫ ∞
0
sg(s, yc(s))ds. (2.3)
Proof. Define the set
X =
{
y ∈ C([0,∞),R) : lim
t→∞ y(t) exists
}
.
The space X is Banach space with the norm ‖y‖ = supt≥0 |y(t)|. Set K = {y ∈ X : c ≤ y(t) ≤ c + M}. Obviously,
K is a nonempty closed bounded convex subset of X . Now define the operator T by
(T y)(t) = c +
∫ t
0
sg(s, y(s))ds + t
∫ ∞
t
g(s, y(s))ds, t ≥ 0, (2.4)
where (T y)(0) = c + limt→0{t
∫∞
t g(s, y(s))ds}. We shall apply the Schauder fixed point theorem [11] to prove that
there exists a fixed point for the operator T in K . First we check that T : K → K . We have
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0 ≤ (T y)(t)− c =
∫ t
0
sg(s, y(s))ds + t
∫ ∞
t
g(s, y(s))ds
≤
∫ t
0
sg(s, y(s))ds +
∫ ∞
t
sg(s, y(s))ds
≤
∫ ∞
0
sh(s, y(s))ds
≤
∫ ∞
0
sh(s, c)ds = M.
Hence, c ≤ (T y)(t) ≤ c + M for t ∈ [0,∞). Thus, T : K → K is well defined. Moreover, T (K ) is relatively
compact and T : K → K is continuous. The proof is quite similar to that of Lemma 2 in [7], so we omit it.
Hence, T : K → K satisfies all assumptions of the Schauder fixed point theorem. Therefore, there exists yc ∈ K
such that T yc = yc, and c ≤ yc(t) ≤ c + M for t ≥ 0, and
yc(t) = c +
∫ t
0
sg(s, y(s))ds + t
∫ ∞
t
g(s, y(s))ds, t ≥ 0.
By differentiating the two sides of the above equation with respect to t , we see that yc(t) is a solution of (2.1) which
satisfies (2.3). The proof is complete. 
Theorem 2.2. Let h : [0,∞)×[0,∞)→ [0,∞) be a Ho¨lder continuous function such that ∫∞0 th(t, c)dt = M <∞
for some c ≥ 0. If
g(t, y) ≤ h(t, y), (2.5)
for every t ∈ R and y ∈ [c, c + ], h(r, c) ≥ h(r, y) for every y ∈ [c, c + ]. Then there exists a positive solution
yc(t) of (2.1) on [t0,∞) for some t0 ≥ 0 such that c ≤ yc(t) ≤ c +  for all t ≥ t0, and
lim
t→∞ yc(t) = c +
∫ ∞
t0
(s − t0)g(s, yc(s))ds. (2.6)
Proof. Take t0 sufficiently large such that∫ ∞
t0
th(t, c)dt < .
Note that the Eq. (2.1) on [t0,∞) is equivalent to the equation
z′′ + g(t + t0, z) = 0, (2.7)
on [0,∞) with z(t) = y(t + t0). By applying Theorem 2.1 for the Eq. (2.7), we obtain the result. 
3. Main results
In this section we present our results for the existence of a bounded positive solution to (1.1).
Theorem 3.1. Let h : [1,∞)× [0,∞)→ [0,∞) be a Ho¨lder continuous function such that∫ ∞
1
t ln th(t, c)dt = M <∞,
for some c ≥ 0. Moreover,
0 ≤ f (x, u) ≤ h(|x |, u)
for every x ∈ G1 ∪ S1 and u ∈ [c, c + M], and h(t, c) ≥ h(r, u) for every u ∈ [c, c + M]. If f is locally Ho¨lder
continuous on G1 × [c, c+ M], then there exists a positive solution u(x) of (1.1) in G1 such that c ≤ u(x) ≤ c+ M
for all x ∈ G1.
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Proof. Consider the following differential equation
d
dr
{
r
dy
dr
}
+ rh(r, y) = 0, r ≥ 1. (3.1)
The transformation r = es , x(s) = y(es), transforms (3.1) into
x ′′(s)+ e2sh(es, x(s)) = 0, s ≥ 0. (3.2)
We have∫ ∞
0
se2sh(es, c)ds =
∫ ∞
1
s ln sh(s, c)ds = M <∞.
Applying Theorem 2.1, we obtain that there exists a bounded positive solution x(s) to (3.2) such that c ≤ x(s) ≤ c+M
for s ≥ 0. Thus, y(r) = x(s) is a positive solution to (3.1). If we set v(x) = y(|x |), then we have c ≤ v(x) ≤ c + M ,
and
r(∆v + f (x, v)) ≤ d
dr
{
r
dy
dr
}
+ rh(r, y) = e−s[x ′′(s)+ e2sh(es, x(s))] = 0.
Hence, v(x) is a supersolution to (1.1) on |x | ≥ 1. In addition, W (x) = c obviously is a subsolution to (1.1) on
|x | ≥ 1. Applying Lemma 1.1 with A = B = 1, we deduce that there exists a solution u(x) to (1.1) such that
c ≤ u(x) ≤ c + M for all x ∈ G1. The proof is complete. 
Theorem 3.2. Let h : [1,∞)× [0,∞)→ [0,∞) be a Ho¨lder continuous function such that∫ ∞
1
t ln th(t, c)dt = M <∞,
for some c ≥ 0. Moreover,
0 ≤ f (x, u) ≤ h(|x |, u)
for every x ∈ G1∪ S1 and u ∈ [c, c+ ], and h(t, c) ≥ h(r, u) for every u ∈ [c, c+ ] for some  > 0. If f be locally
Ho¨lder continuous on G1 × [c, c + ], then there exists a positive solution u(x) of (1.1) in GB , for some B ≥ 1 such
that c ≤ u(x) ≤ c +  for all x ∈ GB .
Proof. The proof follows from Theorem 2.2 and an argument similar to that of Theorem 3.1. 
Corollary 3.1. Assume that f is locally Ho¨lder continuous in G1 × R and satisfies the condition
0 ≤ f (x, u) ≤ a(|x |)b(u), x ∈ G1 ∪ S1, u ≥ 0,
where b(u) is non-increasing for all u ≥ 0, a ∈ C([1,∞), [0,∞)), and b ∈ C([0,∞), [0,∞)). If
L :=
∫ ∞
1
t ln ta(t)dt <∞,
then for every c ≥ 0 there exists a positive solution u(x) of (1.1) in G1 such that c ≤ u(x) ≤ c + L.
Example 3.1. Consider the equation
∆u + p(x)ur = 0, x ∈ R2, (3.3)
where r ≤ 0. If ∫∞1 smax|x |=s ln s{p(x)}ds < ∞, then by Corollary 3.1 we conclude that for every c ≥ 0 the
Eq. (1.1) has a positive solution u(x) in G1 such that c ≤ u(x) ≤ b for some b > c.
Example 3.2. Consider the equation
∆u + a(u − 5)
2
(1+ |u|) g(|x |) = 0, x ∈ R
2,
where g : R→ R+, ∫∞1 t ln tg(t)dt = L <∞, and a = 1L .
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Let h(t, u) = a(u−5)2
(1+|u|) g(t) and c = 2. Then M :=
∫∞
1 r ln rh(r, c)dr = 3. It is easy to check that for u ∈ [2, 11]
we have h(r, 2) ≥ h(r, u) and c + M = 5 < 11. Thus, by Theorem 3.1 this equation has a positive solution u(x) in
G1 such that 2 ≤ u(x) ≤ 5, for all x ∈ G1.
Example 3.3. Consider the semilinear Schro¨dinger equation
∆u + 1
ln |x |
(
1
1+ |x |2
)|u|
= 0, x ∈ G1. (3.4)
Let h(t, u) = 1ln t ( 11+t2 )|u|. Then it follows from Theorem 3.1 that for every c > 1 this equation has a bounded positive
solution u(x) in G1 such that c ≤ u(x) ≤ dc and dc → c as c →∞.
Remark 3.1. It should be mentioned that all of the results presented in the previous literature such as those given by
Constantin [4], Mustafa and Rogovchenko [5], Swanson [6], Yin [7], and Ufuktepe and Zhao [8] are inapplicable to
Examples 3.1–3.3 or show only that there is some B > 1 such that (1.1) has a bounded positive solution in GB .
Remark 3.2. Taking into account Theorems 3.1 and 3.2 which have assumptions on the nonlinearity f (x, u) only for
u ∈ [a, b] for some a, b > 0 and are independent of the behavior of f (x, u) for u > 0 sufficiently small or sufficiently
large and previous three examples, our results improve and enhance the results in [4–8].
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